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Abstract 

We consider a wrapped supermembrane on x T^. We examine a double di- 
mensional reduction to deduce a {p, g)-string in type IIB superstring theory from the 
wrapped supermembrane. In particular, directly from the wrapped supermembrane 
action, we explicitly derive the action of a string which carries the RR 2-form charge 
as well as the NSNS 2-form charge, and the tension of the string agrees with the 
{p, g)-string tension. 
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1 Introduction 



M-theory includes the supermembrane in eleven dimensions [1] which is expected to play an 
important role to understand the fundamental degrees of freedom in M-theory. Actually, it 
was shown that the wrapped supermembrane on M}^ x is related to type IIA superstring 
on B}^ by means of the double dimensional reduction [2]. On the other hand, type IIB 
superstring is related to type IIA superstring via T-duality, or type IIA superstring on 
X leads to type IIB superstring on in the shrinking limit of the radius. Hence, 
type IIB superstring in 10 dimensions is to be deduced from supermembrane on a vanishing 
2-torus. 

Schwarz showed an SL{2, Z) family of string solutions of type IIB supergravity [3]. The 
(p, g)-string [3, 4] is considered to be the bound state of fundamental strings (F-strings) and 
Dl-branes (D-strings) in type IIB superstring theory. Furthermore, it was pointed out that 
the supermembrane which is wrapping p-times around one of two compact directions and 
g-times around the other direction gives a (p, g)-string. However, it has not been derived 
directly from the supermembrane action. In this paper we consider shrinking the 2-torus 
to approach type IIB superstring theory. Actually we deduce (p, q')-strings in type IIB 
superstring theory from the wrapped supermembrane on x in the shrinking limit of 
the 2-torus. 

The plan of this paper is as follows. In the next section, we consider the supermembrane 
on X T^. We shall carefully rewrite the eleven-dimensional supergravity background fields 
to the nine dimensional ones and consider the double dimensional reduction along an oblique 
direction of T^. In section 3, we consider the T-dual of the derived string action along another 
compact direction of the 2-torus to deduce a string action with the (p, g)-string tension. We 
shall see that the string carries p-times the unit NSNS 2-form charge and q'-times the unit 
RR 2-form charge as well, which indicates that the deduced string is, in fact, a (p, g)-string 
in type IIB superstring theory. The final section contains some discussion. 



2 Double dimensional reduction 

The supermembrane in a eleven-dimensional supergravity background is given by [1] 
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(2.1) 



where T is the tension of the supermembrane, 7^/3 (a, /3 = 0, 1, 2) is the worldvolume metric, 
7 = det 7a/3, and the target space is a supermanifold with the superspace coordinates — 
{X^, ^'") (M = 0, • • • , 10, m = 1, • • • , 32). Furthermore, A;^j^p{Z) is the super three-form 
and E^"^ = [daZ^) where E^ is the supervielbein and A — [A, a) is the tangent space 
index. We shall consider a dimensional reduction and in order that one can see the procedure 
easily we focus on the bosonic degrees of freedom hereafter. The bosonic background fields 
are included in the superfields as 
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Then the action (2.1) is reduced to^ 



dadp 



1 ^ daX^'dpX'' Gmn{X) 
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Note that variation w.r.t. 'ja/s yields the induced metric, 

7a/3 = daX^ dpX^ Gmn{X) , 
and plugging it back into the original action leads to the Nambu-Goto form 



S — T dr dadp 
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(2.3) 
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(2.5) 



Actually, we consider a wrapped supermembrane action on x T^. We shall take the 
shrinking limit of the 2-torus and deduce the (p, g)-string action directly from the action. 
We take the 10th and 9th directions to compactify on T^, whose radii are Li and L2, 
respectively. In taking the shrinking volume limit of the 2-torus, we keep the ratio of the 
radii finite, 

^6 = ^: finite. (Li,L2^0) (2.6) 

Now we consider two cycles on characterized by two sets of co-prime integers (p, q) 
and (r, s). We impose the following condition on the two sets of co- prime integers in order 
that one can adjust the spacesheet coordinates to the target space,^ 



pr + qs = 0, ps — qr ^ 0, p,q,r, s E Z . 
Considering the line-element in {X^,X^^) surface, 

GQQ(^dX^^^ + 2,GQiQdX^ dX^^ + Gioio('^^ 

''910; \ /_,^^9\2 
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{dX^r + Gioio ( dX'^ + ^dX\ , 



we shall represent the wrapping of the supermembrane as 

y/G^oX'''{T,a,p + 2TT) = 27TW,Lip+y^G^oX'''{T,a,p), 



(2.8) 
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X\T,a,p), (2.10) 



^/G^oX''^{T,a + 27r,p) 
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27TW2L^r+y/G^oX''^{T,a,p), (2.11) 

■X%T,a,p), (2.12) 



271^2-^25 + \ Ggg - 



{GgioY 



G 
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^The mass dimensions of the worldvolume parameters (r, cr, p) and the eleven-dimensional background 
fields {Gmni -^mnp) are 0. And the mass dimension of worldvolume metric 7q,^ is —2. 

^Geometrically, the first condition in cq.(2.5) indicates the orthogonality of the two vectors {p,q) and 
(r, s) and the second condition means that the area defined by the two vectors is non-zero. 
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or 



Li {tuipp + W2ra) 

vGioio 
L2 {w-iqp + W2sa) 
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(2.13) 
(2.14) 



where = r, cr, p and 

u7„eN. (n = l,2) (2.15) 

Note that can be negative, or Wn G Z\{0}, however, one can flip the signs of p, g — > — p, —q 
(for wi) and r, s — > — r, — s (for W2) to have eq.(2.15) without loss of generality. The above 
equations indicate that the supermembrane is wrapping wip-times around one of the two 
compact directions {X^^) and Wiq-times around the other direction {X^) if one advances by 
27r along the yO-direction on the worldsheet. Thus, this wrapped supermembrane is expected 
to give (p, g)-strings [3]. Actually, we shall see that the (p, g)-string comes out through the 
double dimensional reduction and T-duality in the next section. 

Now that we shall adopt the double dimensional reduction technique [2]. However, we 
should be careful to deduce (p, 5)-strings. First we determine the spacetime direction to 
align with one of the worldvolumc coordinate, or we fix the gauge. We define and by 
an SO (2) rotation of the target space. 
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where 



0(p,q) = — 
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By using the relations between the eleven-dimensional supergravity and nine-dimensional 
(or 5'^-compactified) type JIB fields [5, 6], we have 
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where <^ is a type JIB dilaton background. Then we have 
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A suitable choice of the target-space metric is (M, N = 0,1, 
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where /i, i> = 0, 1, ■ ■ ■ , 8, 9 and /i, = 0, 1, • • • , 8. On the other hand, due to eq.(2.16) we may 
also write (C/, F = 0, 1, • • • , 8, y, z) 



G 



uv 



= G 



MN 



7^= 9yv + ^ GyzGp 



~ — 9^J,y ~l~ G ^zGyz G f_iz ^ 



9yy 'g^^ y^ 



G 



(2.22) 
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and hence we have 



Gzz = Ggg + 2pq Ggio + GlOlO , 

Gyy — Ggg — 2pq Ggio + GlOlO , 
Gyz = Pq Ggg + (f - f) Ggio - M G 



1010 



Now we shall make a (partial) gauge choice of (cf. Ref. 



LiWiC 



■pq 
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(2.23) 
(2.24) 
(2.25) 
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or the z-direction is aligned with one of the space direction p of the worldvolume. Then the 
dimensional reduction is achieved by imposing the following conditions on the membrane- 
coordinates and the background fields, 



dpXy = dpX'' = , 



and 



dzGjMN — dzAuNP — . 
Thus the induced metric on the worldvolume is given by [2] 



%p = d^X^df.X'' Gmn{X) = $-2/3 



$2 



where i,j = 0, 1 and 

$^/3 = G'Gzz, 

^^/^A = GidiX'^G^z + diXyCyz), 

7,,- = G(diX^djX''g^, + 2d{iX^djyXyg^y + diXydjXygyy) 



(2.27) 
(2.28) 

(2.29) 



(2.30) 
(2.31) 
(2.32) 



Note that 

det %p = det 7,^- , (2.33) 

which is to be used in calculating the first term in eq.(2.5). Prom eqs.(2.16), (2.26) and 
(2.27), we have 



^aPy O^X^'d^X^'d^X^'AMNP 

= 3C{ e'' diX^d^X^{qA^,g + p^io) + 2 e'^ diX^^d^X^ A^g^o] 



(2.34) 
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Thus, by the double dimensional reduction of eqs.(2.26)-(2.28), the supermembrane action 
(2.3), or (2.5), is reduced to the following equivalent one. 



^ dr [ daC 



-7f ^ {diX'^djX'' g^, + 2diX''djXyg^y + diX^ajXygyy) 



+{€'^ diX^djX'^iqA^^g + pA^,,o) + 2e^^' diX^djXyA^g.o} 



(2.35) 



where the first term on the r.h.s. has been rewritten in Polyakov form by introducing the 
worldsheet metric jij instead of Nambu-Goto form. As is pointed out in [2], this action 
(2.35) has conformal invariance. 

3 (p, g) -string from wrapped supermembrane 

In this section, we derive the (p, g)-string action from the reduced supermembrane action in 
eq.(2.35). We shall take T-dual along the other compactified X^-dircction (cf. eq.(2.16)). 
Introducing a variable X^, which is seen to be dual to the other compactified X^-direction, 
eq.(2.35) can be rewritten by 

Sddr = fdTl daC 







, (3.1) 



since the variation w.r.t. X'^ leads to e^WiYj = or = djX^ and hence eq.(2.35) can be 
reproduced.^ On the other hand, assuming that all the fields are independent of Yj (or X^), 
the variation w.r.t. K leads to 



Yi 



jk 



7 9yy 



(dkX" - A^g.odkX^ 



' 9yy 



and hence we have 
2nT 



Sddr — 







jdrj daC 









9yy 



(3.2) 



) 

-2diXi'd^xy ^ + diXydjXy ^ | + e'^ diX'^djX" Ua^^^ + m^.io 

9yy 9yy ) 



'^Afj.910guy\ 



9yy 



+ 2e'^diXyd.X''^ 
) a 



fj, 9y^l 



9yy 



(3.3) 



Now that we consider T-dual for the background fields in cq.(2.35) (or cq.(3.3)). Since wc 
regard {not X^) as the 11th direction, we should take T-dual along the X^-direction to 
transform type IIA superstring theory to type IIB superstring theory. Then we can rewrite 
the background fields in terms of those of the type IIB supergravity as follows (cf. Appendix 



^We assume that the background fields are independent of in eq.(3.1). 
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B), 
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(3.4) 

(3.5) 
(3.6) 

(3.7) 
(3.8) 



where Bj}J and B^^J are the NSNS and RR second-rank antisymmetric tensors, respectively, 
jfto are the metric in type IIB supergravity, / = G910/G1010 = ^9 and 



B 



(pq) 

flu 



V(p + qiy + e-2^g2 
Then, plugging these equations into eq.(3.3) we have 
2tiT 



(3.9) 



Sddr — 



2tt 



X 



+e^^' diX^'djX'^BjPJ'^ + 2e*^' diXydjX^" B^^ 



(3.10) 



Once we regard X^'^ as the 11th direction, the type IIA string tension Tg is given by 
27rLiT/\/Gioio [3] since the lid metric Gmn is converted to the type IIA metric gp,^ by 
the relation G,-,,/ = Qfio/ VGiqiq. Also, if we assume that I and (p are constant and hence 



gi™, we have 



27rrC V(p + ?1)2 + e-2¥'g2 ^ T,^/{p + qly + e-^fq^ = Wi Tpg , 



(3.11) 



where T^g is the tension of a (p, g)-string in type IIB superstring theory [3] . Actually, we see 
that both of the NSNS and RR antisymmetric tensors have coupled to X"^ = {X^, X^) in 
eq.(3.10), which implies that the reduced action (3.10) is, in fact, that of (p, g)-strings. Note 
that Wi is just the number of copies of the resulting (p, g)-strings. If we allow q to be zero and 
take (p, g, r, s) = (1, 0, 0, 1), we have the fundamental strings in type IIB superstring theory. 
On the other hand, (p, q, r, s) = (0, 1, 1, 0) leads to the strings which couple minimally with 
the RR B- field, i.e., the D-strings. 



4 Summary and discussion 

In this paper, we have studied the double dimensional reduction of the wrapped superme- 
mbrane on MP x and explicitly derived the bosonic sector of the (p, Q')-string action in 
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eq.(3.10). This indicates that the super membrane actually includes a (p, g)-string as an 
excitation mode or object. The (l,0)-string (F-string) is, of course, an effective mode in a 
weak coupling region gi™ <S 1, while the (0,l)-string (D-string) in a strong coupling region 
(yf™ ^ 1 for / = 0. However, the valid region to treat the (p, g)-string perturbatively is still 
obscure and is deserved to be investigated further.^ 

The procedure of the double dimensional reduction here should be realized on the matrix- 
regularized wrapped supermembrane on x [7] , which will be reported elsewhere [8] . 

In this paper we have considered classically to approach the boundary of vanishing cycles 
of the 2-torus with the wrapped supermembrane. On the other hand, Refs.[9, 10] studied 
quantum mechanical justification of the double dimensional reduction in Ref. [2]. In those 
references, the Kaluza-Klein modes associated with the p-coordinate were not removed clas- 
sically, but they were integrated in the path integral formulation of the wrapped supermem- 
brane theory. Similar quantum mechanical investigation of the double dimensional reduction 
in this paper deserves to be investigated. 

Acknowledgments: This work is supported in part by MEXT Grant-in- Aid for the Scien- 
tific Research #13135212 (S.U.). 



A Notation 

The spacetime indices: 



M,N,P = 0,1,..., 8, 9, 10, (A.l) 

U,V = 0,l,---,8,y,z, (A.2) 

il,i> = 0,1,. ..,8,9, (A.3) 

= 0,1,. ..,8. (A.4) 



The world volume and worldsheet indices: 



a,P = 0,1,2, (A.5) 
i,j = 0,1. (A.6) 



The target-space metrics: 



G — lid target-space metric , (A. 7) 

G — lid rotated target-space metric , (A. 8) 

g — lOd IIA target-space metric , (A. 9) 

g — lOd IIA rotated target-space metric , (A. 10) 

J — lOd IIB target-space metric . (A. 11) 



The worldvolume and worldsheet metrics: 



7 = membrane worldvolume metric , (A. 12) 

7 = string worldsheet metric . (A. 13) 



"^Of course, a BPS saturated classical solution of the {p, g')-string action (3.10) is valid irrespective of the 
value of the string coupling g™. 
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(Anti-)symmetrization r.w.t. indices: 

1 



Au,B 



A[ij,Bi,Cpi = —{Aij,Bi,Cp + Ai,BpC^ + ApBfj^Ci, 

~Ap_BpCu — ApBi^Cn — AyBp^Cp) , 

Aifj,B\i,\Cp] = -{A^ByCp — ApBj^Cp) , 

= ^ {A^,B^ + A^B^,) , etc. 



B lid vs. lOd background fields 

The 11- dimensional metric can be written by 



G 



VGl. 



MN 



Guio Gioio , 

-gf.o + e^'t'A/.Ai, 6^% 



v 



and the third-rank antisymmetric tensor Amnp is decomposed as 

AmNP — { A p_i,p, A f^iyio, A p_i,g, A p^gio) 

— {Cfj,up, Bpi,, Bp^c,) . 



G 



1010 / 



Those fields are related to those of IIB as 
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3 jj^9\p^i49\M^ 

399 



(A.14) 

(A.15) 
(A.16) 

(A.17) 



, (B.l) 



(B.2) 

(B.3) 

(B.4) 
(B.5) 

(B.6) 

(B.7) 

(B.8) 
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On the other hand, the 9-10 rotated metric is given by (C/, F = 0, 1, • • • , 8, y, ^ 

QXM QXN 



Then 
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^ 5'l/2/ + 'o^GyzGyZ Gyz 
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Furthermore, 
and hence 

9\xy — 
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^yy ~ 



V^IOIO 

Ggg - 2pq Ggio + GlOlO 
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+ Gioio^g ) - 2pqGioioAg + fGwio 



Gioio(g - pA9r + P'^= = e'^/'jgg'/' { {q - plf + fe-'^] 



VG 
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pq Ggg + {p^ - f) Ggio - pq G 
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G^y — p Gf^g — q Gjuio — ^ — g^y + -^GfizGyz , 

V Gzz 



^ fxy^ zz G iizG 



VGz 
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VGz 



ip G^g - q G^io) Ggg + 2pq Ggig + GlOlo) 



-{qGi^g+pGi^lo){PqGgg + (p^ - f)Ggio-pqGioio) 
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jP ^1010 + ^ ^109) ~ G^io {q Gqq + p (jQio) 
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We shall calculate g^vigyy as follows. The equation, 

G 



1 ^ 1 ^ ^ 
2/2/ ~ — 9yy "I" GyzGyz , 

V G;j2 



. (B.18) 
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^ V<-^1010-' V<-^1010'^ 

-{GwiQ{pA^-q){qAg + p)+pq—^=\ 
^ v^ioio-" 
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Similarly 
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leads to 
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G jxvG zz GfxzGvZ^ 

9ixv + 7^ G^ioG,/io^ Gzx — {qGfj,g -\- pG ^iQ){qGvQ -\- pG^w) 



\/Gzz I WGioio '"^ Giolo 

GzzG^iqGvw — Gioio(gG^9 +pG^io)(gG,^9 -\-pGviq) 



Gz 
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1010 
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'zz , 1 

9nu H 
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J99 y J99 V(P + ^0^ + 



Note that 



\ J99 J Jggy/[p + qiy + e--n 
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